We present a unified analysis of the decays of bottomonia Υ(mS) → Υ(nS)ππ (m > n, m = 2, 3, 4, 5, n = 1, 2, 3), charmonia J/ψ → φ(ππ, KK), ψ(2S) → J/ψππ, and the isoscalar S-wave processes ππ → ππ, KK, ηη. In this analysis we extend our recent study of low-lying (m = 2, 3) radial excitations of bottomonia to modes involving higher (m = 4, 5) excited states. Similarly as for the data on lower radial excitations, we confirm that the data for higher radially excited states from the BABAR and Belle collaborations can be described under conditions that the final bottomonium is a spectator and the multichannel ππ scattering is considered in a model-independent approach based on analyticity, unitarity and the uniformization procedure. Indeed we show that the dipion mass distributions in the two-pion transitions of both charmonia and bottomonia states are explained by a unified mechanism based on the contribution of the ππ and KK coupled channels including their interference (final-state interactions). Therefore, our main result is that the lower and higher radially excited states of charmonia and bottomonia have no specific features in mutual comparison and can be understood in a unified picture, e.g. proposed by our approach.
I. INTRODUCTION
Presently available data on bottomonia decays Υ(mS) → Υ(ns)π + π − (n = 1, 2, 3) extracted by different collaborations (ARGUS [1] , CLEO [2] , CUSB [3] , Crystal Ball [4] , Belle [5] , and BABAR [6] ) and for both lower and higher radial excitations of Υ(mS) offer a possibility of their unified theoretical description. Recently, in Ref. [7] we focused only on the decays of lower radial excitation of bottomonia. Restriction to lower radial excitation was not specific; therefore we need to extend our analysis to higher excited states. This paper is devoted to the unified description of BABAR [6] and Belle [5] data on the decays Υ(4S, 5S) → Υ(ns)π + π − (n = 1, 2, 3) using the same set of couplings parametrizing the scattering amplitudes as in our recent study [7] , where we focused on the decays of lower radial excitations of bottomonia. Now both lower and higher radial excitations of bottomonia are analyzed in a unified picture using all available data on the two-pion transitions Υ(mS) → Υ(nS)ππ (m > n, m = 2, 3, 4, 5, n = 1, 2, 3) of the Υ mesons [1] - [6] . It is important to note that the analysis of bottomonia decays has been done together with the isoscalar S-wave processes ππ → ππ, KK, ηη and the charmonium decay transitions J/ψ → φ(ππ, KK), ψ(2S) → J/ψππ using data from the Crystal Ball, DM2, Mark II, Mark III, and BES II collaborations [10] . At that, the formalism for the analysis of multichannel ππ scattering is based on analyticity, unitarity and the uniformization procedure.
One of the main objectives of our study is to shed some light on the nature of scalar mesons. The possibility for using the two-pion transitions of heavy quarkonia as a laboratory for studying the f 0 mesons is related to the expectation that the dipion is produced in a relative S wave whereas the final quarkonium state remains a spectator [11] . Many efforts were undertaken to study scalar mesons, mainly by analyzing multichannel ππ scattering. The problem of a unique structure interpretation of the scalar mesons is far away from being solved completely [12] . Previously we analyzed data on the decays of low-lying radial excitations of bottomonia Υ(mS) → Υ(nS)ππ (m > n, m = 2, 3, n = 1, 2), on multichannel ππ scattering, and on the charmonium decay processes. We showed [7] that the considered bottomonia decay data do not really offer new insights into the nature of the scalar mesons which were not already deduced in previous analyses of pseudoscalar-meson-scattering processes. The results of the analysis have confirmed all our earlier conclusions on the scalar mesons [10] . However, the problem must be considered further by allowing for an extended analysis including available data on the Υ(4S, 5S) decays.
Note that the previous analysis of the process Υ(3S) → Υ(1S)ππ has already given us an opportunity to ob-tain interesting conclusions on the mechanism of this decay [7] , which is able to explain the enigmatic twohumped shape of the dipion mass distribution. This distribution might be the result of the destructive interference of the relevant contributions to the decay Υ(3S) → Υ(1S)ππ. However, in this scenario the phase space cuts off possible contributions, which might interfere destructively with the ππ-scattering contribution giving the specific shape of the dipion spectrum. In a number of works (see, e.g., Ref. [13] and the references therein, and our discussion in Ref. [7] ) various (sometimes rather doubtful) assumptions were made to obtain the needed result. We have explained this effect on the basis of our previous conclusions without any additional assumptions. In Refs. [10, 14, 15] we have shown the following: if a wide resonance cannot decay into a channel which opens above its mass, and if the resonance is strongly coupled to this channel [e.g. f 0 (500) and the KK channel], then this resonance should be treated as a multichannel state. The closed channel should be included while taking into account the Riemann-surface sheets related to the threshold branch point of this channel and performing the combined analysis of the coupled channels.
In the present extension we include the Υ(4S) and Υ(5S) which are distinguished from the lower Υ states by the fact that their masses are above the BB thresholds. These higher states predominantly decay into pairs of the B-meson family because these modes are not suppressed by the OZI rule: the Υ(4S) decays into BB pairs form more than 96% of the total width; for the Υ(5S) these decay modes make up about 90%. Therefore, there naturally appears a desire to use this fact in explaining the characteristic shape of the dipion mass distribution in the decays Υ(mS) → Υ(nS)ππ (m > n, m = 2, 3, 4, 5, n = 1, 2, 3). E.g., in Ref. [16] , one supposed that a pion pair is formed in the Υ(4S) decay both as a direct production and as the sequential process Υ(4S) → BB → Υ(nS)+f 0 → Υ(nS)+π + π − (n = 1, 2). Though an allowance for contributions of these two mechanisms with a relative phase reproduces satisfactorily the data on decays Υ(4S) → Υ(2S, 1S)π + π − , it seems that the former assumption is not reasonable because the pions interact strongly.
In contrast to the very big contributions to the total widths of the Υ(4S, 5S) from decays into pairs of the B-meson family, the processes of interest are strongly reduced decay modes: the decays Υ(4S) → Υ(1S)ππ and Υ(4S) → Υ(2S)ππ form about (8.1 ± 0.6) × 10 −5 % and (8.6 ± 1.3) × 10 −5 % of the total width, and Υ(5S) → Υ(1S, 2S, 3S)ππ, (5 ÷ 8) × 10 −3 % [12] . The total widths of Υ(5S) and Υ(4S) are 110 and 20.5 MeV, respectively, and the one of the Υ(3S) (on which we already have clarified the mechanism of the two-pion transitions [7] ) is 20.32 keV. The partial decay widths of Υ(5S) → Υ(1S, 2S, 3S)ππ are almost of the same order as the ones of the decays Υ(3S) → Υ(1S, 2S)ππ. The decay widths of Υ(4S) → Υ(1S, 2S)ππ are even smaller than the latter ones by about 2 orders of magnitude.
The above comparison of decay widths implies that in the two-pion transitions of Υ(4S) and Υ(5S) the basic mechanism, which explains the dipion mass distributions, cannot be related to the BB transition dynamics. We shall show that the two-pion transitions both of bottomonia and charmonia are explained by a unified mechanism. It is based on our previous conclusions on the wide resonances [10, 14, 15] and is related to the interference of the contributions of multichannel ππ scattering in the final-state interaction.
We also work out the role of the individual f 0 resonances in contributing to the dipion mass distributions in the decays Υ(4S, 5S) → Υ(nS)π + π − (n = 1, 2, 3). For this purpose, in the Appendix, we summarize and discuss some formulas and results from our previous paper [10] .
II. MULTICHANNEL ππ SCATTERING IN TWO-PION TRANSITIONS OF BOTTOMONIA
When carrying out our analysis, data for the processes ππ → ππ, KK, ηη are taken from many sources (see the corresponding references in [10] ). Formalism for analyzing the multichannel ππ scattering is presented briefly in the Appendix. The combined analysis including decay data on J/ψ → φ(ππ, KK) and ψ(2S) → J/ψππ from the Mark III, DM2, BES II, Mark II, and Crystal Ball collaborations (see corresponding references also in [10] ) was found to be important for getting unique solutions to the f 0 -meson parameters: first we solved the ambiguity in the parameters of the f 0 (500) [17] in favor of the wider state; second, the parameters of the other f 0 mesons had small corrections [10] . A further addition of decay data on Υ(mS) → Υ(nS)ππ (m > n, m = 2, 3, n = 1, 2) from ARGUS, CLEO, CUSB, and the Crystal Ball collaborations in a combined analysis did not add any new constraints on the f 0 mesons, thus confirming the previous conclusions about these states. However, the analysis resulted in an interesting explanation of the enigmatic two-humped shape of the dipion spectrum in the decay Υ(3S) → Υ(1S)ππ: this shape is proved to be stipulated by a destructive interference of the ππ and KK coupledchannel contributions to the final state of this decay [7] .
In the present manuscript we further extend the analysis of the two-pion transitions of radially excited Υ mesons to higher states -Υ(4S) and Υ(5S). The used formalism for calculating the dimeson mass distributions in the Υ(mS) decays is analogous to the one proposed in Ref. [11] for the decays J/ψ → φ(ππ, KK) and V ′ → V ππ (V = ψ, Υ). I.e., it was assumed that the pion pairs in the final state have zero isospin and spin. Only these pairs of pions undergo final-state interactions whereas the final Υ(nS) meson (n < m) acts as a spectator. This decay model is justified by the consideration of quark diagrams for the processes of interest and by allowance for the fact that we deal with the twopion transitions of the radially excited states to lower ones of the same family; therefore, it is reasonable to ex-pect that the dipion is produced in a relative S wave and the final bottomonium state remains the spectator. The amplitudes for the decays Υ(mS) → Υ(nS)ππ (m > n, m = 2, 3, 4, 5, n = 1, 2, 3) include the scattering amplitudes T ij (i, j = 1 − ππ, 2 − KK) as follows:
where indices m and n correspond to Υ(mS) and Υ(nS), respectively. The free parameters ρ 0 mn , ρ 1 mn , ω 0 mn , and ω 1 mn depend on the couplings of the Υ(mS) to the channels ππ and KK. The model-independent amplitudes T ij are expressed through the S-matrix elements shown in the Appendix
where ρ i = 1 − s i /s and s i is the reaction threshold. The expressions for the dipion mass distributions in the decay Υ(mS) → Υ(nS)ππ are
where λ(x, y, z) = x 2 + y 2 + z 2 − 2xy − 2yz − 2xz is the Källen function. The normalization constants N are determined by a fit to the specific experiment and collected in Table I . Parameters of the coupling functions of the decay particles Υ(mS) (m = 2, ..., 5) to channel i obtained in the analysis are shown in Tables II and III. A satisfactory combined description of all considered processes is obtained with a total χ 2 /ndf = 824.236/(714 − 91) ≈ 1.32. The χ 2 /ndp (ndp is number of data points) estimates for the processes ππ → ππ, KK, ηη, and specific decay modes are collected in Table IV. In Figs. 1 and 2 we show the fits (solid lines) to the experimental data of the BABAR [6] and Belle [5] near 1 GeV, the scarce data on Υ(4S) → Υ(1S)π + π − do not allow for such a unique conclusion yet. We further investigated the role of the individual f 0 resonances in contributing to the shape of the dipion mass distributions in the decays Υ(4S, 5S) → Υ(nS)π + π − (n = 1, 2, 3). In this case we switched off only those resonances [f 0 (500), f 0 (1370), f 0 (1500) and f 0 (1710)], removal of which can be somehow compensated by correcting the background (maybe, with elements of the pseudobackground) to have the more-or-less acceptable description of the multichannel ππ scattering.
First, when leaving out before-mentioned resonances, a minimal set of the f 0 mesons consisting of the f 0 (500), f 0 (980), and f ′ 0 (1500) is sufficient to achieve a description of the processes ππ → ππ, KK, ηη with a total χ 2 /ndf ≈ 1.20. The obtained, adjusted background parameters are shown in Table V .
Second, from these three mesons only the f 0 (500) can be switched off while still obtaining a reasonable description of multichannel ππ scattering (though with an appearance of the pseudobackground) with a total χ 2 /ndf ≈ 1.43 and with the corrected background parameters, which are shown in Table VI .
In Figs. 1 and 2 variants of the calculations of the dipion mass distributions with contributions from the f 0 (500), f 0 (980), and f ′ 0 (1500) and from the f 0 (980), and f ′ 0 (1500) are shown by the dotted and dashed lines, respectively. It is seen that the sharp dips near 1 GeV in the Υ(4S, 5S) decays are related to the f 0 (500) contribution in the interfering amplitudes of ππ scattering and the KK → ππ process.
One should also note the unexpected result -a considerable contribution of the f 0 (1370) to the bell-shaped form in the near-ππ-threshold region, especially in the decay Υ(4S) → Υ(2S)ππ. This is interesting because the f 0 (1370) is predominantly the ss state according to the earlier analysis [10] and practically does not contribute to the ππ-scattering amplitude. However, this state influences noticeably the KK scattering; e.g., it was shown that the KK-scattering length is very sensitive to whether this state exists or not [18] .
III. SUMMARY
We performed a combined analysis of data on isoscalar S-wave processes ππ → ππ, KK, ηη, on the decays of the charmonia -J/ψ → φ(ππ, KK), ψ(2S) → J/ψ ππ -and of the bottomonia -Υ(mS) → Υ(nS)ππ (m > n, m = 2, 3, 4, 5, n = 1, 2, 3) from the ARGUS, Crystal Ball, CLEO, CUSB, DM2, Mark II, Mark III, BES II, BABAR, and Belle collaborations. It is interesting that the expansion of the analyzed data by adding the ones on the above bottomonia decays does not change practically the values of the fitted resonance and background parameters in comparison with the combined analysis only of the above multichannel ππ scattering and charmonia decays. Therefore, it is possible and reasonable to consider that these parameters are fixed by the latter.
Here we specifically focused on the unified description of BABAR [6] and Belle [5] data on the decays Υ(4S, 5S) → Υ(nS)π + π − (n = 1, 2, 3). It was shown that the dipion mass distributions in the two-pion transitions both of charmonia and bottomonia are explained by a unified mechanism related to contributions of the ππ and KK coupled channels and their interference. The role of the individual f 0 resonances in making up the shape of the dipion mass distributions in these decays was considered.
When describing the bottomonia decays, we did not change the resonance parameters in comparison with the ones obtained in the combined analysis of the processes ππ → ππ, KK, ηη, and charmonia decays [10, 19] . Thus, the results of the analysis confirmed all of our earlier conclusions on the scalar mesons [10] .
in the analysis. The resonance zeros w r and the background parameters were fixed by fitting to the data on ππ → ππ, KK, ηη, and the charmonium decay processes -J/ψ → φ(ππ, KK), ψ(2S) → J/ψππ [10] .
The preferred scenario found is when the f 0 (500) is described by the cluster of type (a), the f 0 (1370), f 0 (1500), and f 0 (1710) with type (c), and f ′ 0 (1500) by type (g); the f 0 (980) is represented only by the pole on sheet II and a shifted pole on sheet III. The obtained pole clusters for the resonances are shown in Table VII . The obtained background parameters are shown in Table VIII.
The small (zero for the elastic region) values of the ππ-scattering background parameters (obtained after allowing for the left-hand branch point at s = 0) confirms our assumption S = S B S res and also that the representation of multichannel resonances by the pole clusters on the uniformization plane is good and quite sufficient.
It is important that we have practically obtained zero background for ππ scattering in the scalar-isoscalar channel because a reasonable and simple description of the background should be a criterion for the correctness of the approach. This shows that the consideration of the left-hand branch point at s = 0 in the uniformizing variable partly solves a problem of some approaches (see, e.g., Ref. [21] ) where the wide-resonance parameters are strongly controlled by the nonresonant background.
Another important conclusion in our approach is also related to a practically zero background in ππ-scattering: the contribution to the ππ scattering amplitude from the crossed channels is given by allowing for the lefthand branch point at s = 0 in the uniformizing variable and the meson-exchange contributions in the lefthand cuts. The zero background in the elastic-scattering region is obtained only when taking into account the left-hand branch point in the proper uniformizing variables both in the two-channel analysis of the processes ππ → ππ, KK [18] and in the three-channel analysis of the processes ππ → ππ, KK, ηη. This indicates that the ρ-and f 0 (500)-meson-exchange contributions in the lefthand cut practically cancel each other. One can show allowing for gauge invariance that the vector-and scalarmeson exchanges contribute with opposite signs. Therefore, the practically zero background in ππ scattering is an additional confirmation that the f 0 (500) observed in the analysis as the pole cluster of type a is indeed a particle (though very wide), not some dynamically formed resonance. Therefore, one must consider at least in the background the coupled σσ channel which is not taken into account explicitly in the uniformizing variable (A1). In this connection it is reasonable to interpret the effective threshold at s σ = 1.6338 GeV 2 in the background phase shift of the ππ-scattering amplitude as related to the σσ channel. Only in this channel we have obtained a nonzero background phase shift in ππ scattering (a 1σ = 0.0199). 
